joresd lor In (?hag?ter 2 we uset‘:I the tangent and velocity problems to introduce the d_erivatl\::;
s'chd"‘;} Joulus (se® which is the central idea in differential calculus. In much the same way, th'S_Chap 4
“",\I"’"‘"e;:es he l‘,mfymg 1:235 starts Wt_th the area a‘and distance problems and uses them to formulate the |f:lea o
,s?’;no‘&sr;“‘helps put in T\’;ﬁere definite integral, which is the basic concept of integral calculus. We \:‘VIH see In
'*:W“s:e peen &M Chapters 6 and 8 how to use the integral to solve problems concerning volumes,
:e"'g.ng lengths of curves, population predictions, cardiac output, forces on a dam, work,
F

o consumer surplus, and baseball, among many others.
There is a connection between integral calculus and differential calculus. The ]
Fundamental Theorem of Calculus relates the integral to the derivative, and we will
see in this chapter that it greatly simplifies the solution of many problems.

e

::_5:1 Areas and Distances

In this section we discover that in attempting to find the area under a curve or the distance
traveled by a car, we end up with the same special type of limit.

= The Area Problem

We begin by attempting to solve the area problem: Find the area of th.e region.S that lies
under the curve y = f(x) from a to b. This means that S, illustrated in Figure 1,is boundeg
by the graph of a continuous function f [where f (x) = 0), the vertical lines x = & ai
x = b, and the x-axis.

b
y=f)
x=a
s "
FIGURE 1 0 5 b x

S={ny)|a<x<b,0<y=fx)}
: : What is the meaning of
to solve the area problem we have to ask _oursel\'fes . .
thelgg)(;":ﬁea? This question is easy to answer for regions w1tl} straight sides. For z} rect-
le, the area is defined as the product of the length and the width. The_ area of.a Enangl.e
?;ial} the base times the height. The area of a polygon is found by dividing it into tr-
angles (as in Figure 2) and adding the areas of the triangles.

. A | BAS
|
w h1
|
- b

!
bh A=A +A,+A; A,

A=

»—-

FIGURE 2 A=lw

r, it is not so easy to find the area of a region with curved sides. We all have an
: nfilt(;:;e:c‘;e,a of what the area of a region is. But part of the area problem is to make this
ln . . e
intuitive idea precise by giving an exact definition of area.
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Try placing rectangles to estimate the area.

{ What s Area?

Resources / Madule 6

/ Estimating Area under a Parabala

FIGURE 3
FIGURE 4
YA
/(1,1)
y=x*
Gl $t._ .01 3 l.or
4 2 4
FIGURE 5

Recall that in defining a tangent we first approximated the slope of the
slopes of secant lines and then we took the limit of these approximatjopg Wtangent line
ilar idea for areas. We first approximate the region § by rectangles an(i lhe Ursueasl_h.‘f
limit of the areas of these rectangles as we increase the number of rectan len We tagq [1;1
ing example illustrates the procedure. §1€5. The f(,”m:
EXAMPLE 1 0 Use rectangles to estimate the area under the parabolg Y= 42
(the parabolic region § illustrated in Figure 3). *from gy,

YA
ﬂl.l)

\
0

SU.LUTION We first notice that the area of § must be somewhere between 0 and { beca
S is contained in a square with side length 1, but we can certainly do better thag that N
Supplose we1 divide S into four strips S;, Ss, S, and S, by drawing the vertical lines .

X =4 x =3 and x = § as in Figure 4(a). We can approximate each strip by a rectangle
wh‘ose base is the same as the strip and whose height is the same as the right edge of the
strip [see Figure 4(b)]. In other words, the heights of these rectangles are the values of

h i R— 1 H =
; nil f[uglfclti'.:m J(x) = x* at the right endpoints of the subintervals [o, 0, i[5, 2],

/(L ) g

LD

lw

1
2

(a)

P

o

1
2

(b)

]

Each rectangle has width ; and the heights are A0 (3), and 12 If we let Rs be
the sum of the areas of these approximating rectangles, we g;t : '
Ro=ip = QF #5407 + 4GP + 1 2 =8 g dcars
From Figure 4(b) we see that the area A of § is less than R,, so

A < 0.46875

Instead of using the rectangles in Figure 4(b) we coy
Figure 5 whose heights are the values of f at the left
(The leftmost rectangle has collapsed because its he

. iy A
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FIGURE 6
porimating § with eight rectangles
| B L. Rl

10 | 02850000 | 0.3850000
2 | 03087500 | 0.3587500
- ¥ 103168519 | 03501852
]su 03234000 | 0.3434000
F [gg 03283500 | 0.3383500
ﬂ 0.3338335

/(1-1)
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these approximating rectangles is
Li=}- 00+ 5 (F 41 (0F +1- QF = § = 021875
We see that the area of S is larger than L, so we have lower and upper estimates for A:
0.21875 < A < 0.46875

We can repeat @s procedure with a Jarger number of strips. Figure 6 shows what
happens when we divide the region S into eight strips of equal width.

y
/(1, 1) i /(1. 1]

1 1
8 8

(a) Using left endpoints (b) Using right endpoints

By computing the sum of the areas of the smaller rectangles (Ls) and the sum of the
areas of the larger rectangles (Rs), we obtain better lower and upper estimates for A:

0.2734375 < A < 0.3984375

So one possible answer 10 the question is to say that the true area of S lies somewhere
between 0.2734375 and 0.3984375.

We could obtain better estimates by increasing the number of strips. The table at the
left shows the results of similar calculations (with a computer) using n rectangles whose
heights are found with left-hand endpoints (L,) or right-hand endpoints (R.). In particu-
lar, we see by using 50 strips that the area lies between 0.3234 and 0.3434. With 1000
strips we narrow it down even more: A lies between 0.3328335 and 0.3338335. A good
estimate is obtained by averaging these numbers: A = 0.3333335. o]

From the values in the table it looks as if R, is approaching ! a5 n increases. We con-
firm this in the next example.

EXAMPLE 2 o For the region S in Example 1, show that the sum of the areas of the
upper approximating rectangles approaches 3. that is,

lim R, =}

SOLUTION R, is the sum of the areas of the n rectangles in Figure 7. Each rectangle
has width 1/n and the heights are the values of the function f (x) = x* at the pOi;ts
1/n,2/n, 3/n, ..., n/n; thatis, the heights are (1/n)?, (2/n)%, (3/n)2, - ..., (n/n)*
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O Here we are computing the limit of
the sequence {R.}. Sequences were
discussed in A Preview of Calculus and
will be studied in detail in Chapter 11.
Their limits are calculated in the same
way as limits at infinity {Section 2.6). In
particular, we know that

1
lim—=0

A== N

2
= () .1 _2_)2+l(—3-) +---+l(1’
Rns—,-l- "‘1' n\n nAn B \n
Apaperaee e

|

2

-~

1

13
n
=-1-;(12+22+3’+"'+"’)

1

-~

r the sum of the squares of the first n positive integer,

n(n + 1)2n + 1)
n*= 6

Here we need the formula fo

[]

Perhaps you have s€
la 1 into our X

12+22+32+...+

is proved in Example 5 in Appengy E

en this formula before. It
we get

pression for Rn,

Putting Formu
{ nn+ D@nt ) _ @+ 1)@2n + 1)
Re=23 6 6n’
Thus, we have
. I (n + 1)2n + 1)
L R, =% 6n*

It can be shown that the lower approximating sums also approach 3, that is,
lim L, =3

n—®

. both L, and R, become better and b

From Figures 8 and 9 it appears that, as n increases
define the area A t0 be

ter approximations to the area of S. Therefore, we

y“ y‘k 7 yl\
n=10 R,=0.385 7 n=30 Ry =~0.3502 VV n=50 Ry=03434
V 7
%
7 ?F
V PV i
7 f
0 1 ; 0 >
] .--% 0
FIGURE 8

e
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Yi

n=30 Ly~0.3169 44 ° 50 Ly =0.3234 i
n= 50 = U,
4 |

o LLML

— —_—

1 x 0

sums of the areas of the Approximating Tectangles, that is,

A=limR, = lim L, =}

Let’s apply the idea of Examples | ang 2 to the more
start by subdividing § into strips S, §,, . ..., S
of the interval [a, b] is b — a,s

==

general region § of Figure 1. We
of equal width as in Figure 10. The width

0 the width of each of the n strips is
Ax = e=g
n

These strips divide the interval [a, b] into n subintervals

[xo, x‘]v [xhxl]v [Iz,.l'3], ey [xu-hxn]

= b. The right-hand endpoints of the subintervals are
X1=a+Ax, x;=a+2Ay,

where xo = g and Xn

X3=a+ 3Ax,

gl y=fx) “
5|8 |8 §; S,
0 G X X Xy o Xi=l X ol Xe—y b x

. i i i ith width Ax and height f(x;), which
Let’s approximate the ith strip S; by a rectangle' with wi .
is the vahi? of f at the right-hand endpoint (see Figure 11). Then the area of the ith rect-

y1 Ax

——

flx)

FIGURE 13

=Y
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i
0 a x b :
(@n=2
YA
0 a X X3 X3 b‘;
b)n=4
ya
0 a b ;
(c)n=8
ya
0 a b ;
(dn=12
FIGURE 12
This tells us to
end with i = n.
n
This tells us
to add. — D fix) Ax
i=m
This tells us to
start with i =m.

angle is f(x;) Ax. What we think of-innfitively as the area of § ig approx;
of the areas of these rectangles, which is

R.=f(x1) Ax + f(x2) Ax + -+ - + f(x,) Ax

Mat
T

Figure 12 shows this approximation for n = 2, 4, 8, and 12, Notice thy
mation appears to become better and better as the number of strips t th

o S a
X . Incre Pproy:
n — . Therefore, we define the area A of the region S in the fOHOWing W:;es, tha x;

[Z] Definition The area A of the region § that lies under the graph of the

ous function f is the limit of the sum of the areas of approximating rectang;lmm"‘
S

A= lim R, = lim [f(x)) Ax + fr2) Ax + « - + f(x,) Ay

\

It can be proved that the limit in Definition 2 always exists, since we are as
£ is continuous. It can also be shown that we get the same value if we use Jeft

Suming thy
€ndpoip

[3] A = lim L, = lim [(xo) Ax +f(x) Ax + -+ + fx,-)) Ax]

In fact, instead of using left endpoints or right endpoints, we could take the height of te
ith rectangle to be the value of f at any number xT in the ith subinterval [xi-1, x.]. Weed
the numbers x{, x¥, ..., x¥ the sample points. Figure 13 shows approximating rec.
angles when the sample points are not chosen to be endpoints. So a more general expressic
for the area of S is

(4] A= lim [f(xF) Ax + f(xF) Ax + - - - + f(x¥) Ax]
YA
\ Ax
N _ I
T L S
REy R 1B
I I } : i ] AR | :
} | o b et s
[ E A I I | 1|
EA B e | I | I
0 a i X, ]I‘ x i I I i . : 4i b x
' 2" Xy Xi-1]| X Xa—1
If x’-f x’; _x’f X:

FIGURE 13

of
: J actly-
We often use sigma notation to write sums with many terms more comp
instance,

Z £ Ax = f()) Ax + f(x3) Ax + - - + f(xa) Bx

e
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¥

So the expressions for area in Bquations 2, 3, and 4 can be written as follows:
L«."‘-‘- n‘
r A= lim ¥ ) Ay

Y 0
N R =)

BN
RS vpres 90 TV
‘":“ N“g\i\ E »
" A= lim S flx-) A

RN =)

A= lim > MDA

— N
‘ =\

We could also rewrite Formula L in the following way:

ain+ D2n + 1)

n
2it=
6

-

-

EXAMPLE 3 © Lot A be the area of the region that lies under the graph of flx)=e™"

between v = 0 and x = 2,
(a) Using right endpoints, find an expression for A as a it
(b) Estimate the arca by taking the sample points to be midpoints

intervals and then ten subintervals.

SOLUTION
(@) Sincea=0and b =2, the width of a subinterval is

Do not evaluate the limit.
and using four sub-

2—-0

-
- —
n

Ax =

Soxy = 2/n Xy = 4/n Xy = 6/ x; = 2Un, and Xy = 2n/n. The sum of the areas of the

approximating rectangles is
R = flx) Ax + flxg) dx + o+ + flaa) Ax
- MAr+ e Ard s d e A

2 2 il 2
-(.‘:.‘ o] +("“ — +~\~+¢““ —
n n n

Acconding to Definition 2, the area is

S
S re et e™

A= lim R, = him
il "

M
Using sigma notation we could write

b .

. - \ -
A= lim— 2N ™

» AN " =\

(his limit divectly by hand, bat Wwith the aid of & computer alge-

1t is difticult to evaluate .
22). In Section 3.3 we will be able to tind A more

bra system it isn't hand (see Bxewise
casily using a different nethed.

(b) With 2t = 4 the subintervals of equal Width dx = 0.3 ave [0 OS] [0S L[ WS
and [ 1.5, 2], The midpoints of these subintervals are ab = 023, a% = 75 a% = 128,
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y>a
1 \ -\'-_—e"-'
\¥
0 1*};*2\;
FIGURE 14
ya

0 1 2 x

FIGURE 15

and x§ = 1.75, and the sum of the areas of the four approximating "eClangleg
SEe F

ure 14) is 1g.

M= if(ff) Ax

i=1
= f(0.25) Ax + f(0.75) Ax + f(1.25) Ax + f(1.75) 5,
= ¢703(0.5) + €7°P(0.5) + e7'H(0.5) + e715(g 5

=1 + e + e + e7) =~ 08557

So an estimate for the area is
A = 0.8557
With n = 10 the subintervals are [0, 0.2], [0.2,0.4], ..., [1.8,2] and the midpain
xF=01,xF=03,xF¥=05,...,xio= 1.9. Thus an
A = My =f(0.1) Ax + f(0.3) Ax + f(0.5) Ax + - - - + £(1.9) Ay
=02™ +e®+e ™+ - +e719) = 0.8632

From Figure 15 it appears that this estimate is better than the estimate withn =4 .

== The Distance Problem

Now let’s consider the distance problem: Find the distance traveled by an object during;
certain time period if the velocity of the object is known at all times. (In a sense this s &
inverse problem of the velocity problem that we discussed in Section 2.1.) If the velociy
remains constant, then the distance problem is easy to solve by means of the formula

distance = velocity X time

But if the velocity varies, it is not so easy to find the distance traveled. We investigate
problem in the following example.

EXAMPLE 4 0 Suppose the odometer on our car is broken and we want to estimate ¢
distance driven over a 30-second time interval. We take speedometer readings every b
seconds and record them in the following table:

Time (s) 0| 5| 10|15 |2 /|2]|330
Velocity (mi/h) | 17 | 21 | 24 | 29 | 32 | 31 ﬂ

1 ity
In order to have the time and the velocity in consistent units, let’s convert the veloe
readings to feet per second (1 mi/h = 5280 /3600 ft/s):

Time (s) 0 5110 15| 2| 25 g

Velocity (ft /s) 25 | 31 | 35 | 43 | 47 | 46

Dunl}g the first five seconds the velocity doesn’t change very much, s0 W I
the distance trfiveled during that time by assuming that the velocity is constant;n we
take the velocity during that time interval to be the injtial velocity (25 ft i

—
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tain : ;
ob the approximate distance traveled during the first five seconds:

25 fl/S X 5s=125ft

Similarly, durin o B
& g the second time interval the velocity is approximately constant and we

take it to be the velocity wh
ent =35s. Soo i p
t=5stor=10sis ur estimate for the distance traveled from

31ftfs X 55 =155t

If we add similar estimates for th i
. e other time inte i i r the
A i rvals, we obtain an estimate fo

25X S5+31X5+35X5+43X5+4TX5+46%x5=1135ft

h Welco_u kil JHBEGE w«_:l] I}ave used the velocity at the end of each time period instead of
bei(‘)’;:lty at the beginning as our assumed constant velocity. Then our estimate

31 XS5 +35XS+43X5+47XS5+46X 5+ 41 X5=1215ft

If we had wanted a more accurate estimate, we could have taken velocity readings
every two seconds, or even every second.

Perhaps the calculations in Example 4 remind you of the sums we used earlier to esti-
mate areas. The similarity is explained when we sketch a graph of the velocity function of
the car in Figure 16 and draw rectangles whose heights are the initial velocities for each
time interval. The area of the first rectangle is 25 X 5 = 125, which is also our estimate
for the distanced traveled in the first five seconds. In fact, the area of each rectangle can be
interpreted as a distance because the height represents velocity and the width represents
time. The sum of the areas of the rectangles in Figure 16 is L¢ = 1135, which is our ini-
tial estimate for the total distance traveled.

v

40 +

201

0 10 20 30 f

FIGURE 16

In general, suppose an object moves with .szlocify v= f(©), where a <t <b and
£(1) = 0 (so the object always moves in the posmve_dir_ectlon). V_Ve take velocity readings
at times fo (= a), fi, f2, -+ -2 In (= b) so that the velocity 1s approximately constant on each
subinterval. If these times are equally spaced, then the time petween Cf)nsecutive readings
is At = (b — a)/n. During the first time interval tl’ie ye1001ty is a.lpproxlmately f(t) and so
the distance traveled is approximately fl(ro) At. Smn}arly, the distance traveled during the
second time interval is about f(#) At and the total distance traveled during the time inter-

val [a, b] is approximately

flto) At + fl@)Ar+ 2 + flta-1) Ar = '__Elf(ri_,) At
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Exercises

If we use the velocity at right-hand endpoints instead of left-hang endpoings
for the total distance becomes » Our c‘“i‘nam

ft) At + f) Ar + -+ - + f(t,) At = if(n)m

The more frequently we measure the velocity, the more accurate our eg;

) ; - imateg 1,
it seems plausible that the exact distance d traveled is the limit of sycp o

CXpressions. i
5] d=lim Y, f(t—1) At = lim 3, £(1;) At
n—> iy B=>® 4]

We will see in Section 5.4 that this is indeed true.

Because Equation 5 has the same form as our expressions for area in E
3, it follows that the distance traveled is equal to the area under the graph
function. In Chapters 6 and 8 we will see that other quantities of interest in
social sciences—such as the work done by a variable force or the cardigc output of ,
heart—can also be interpreted as the area under a curve. So when we compute ares; in ths
chapter, bear in mind that they can be interpreted in a variety of practical ways.

quations 9 af
Of the vely
the natury]
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